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We investigate the time-dependent variane of the delity with whih an initial narrow wavepaket
is reonstruted after its dynamis is time-reversed with a perturbed Hamiltonian. In the semilas-
sial regime of perturbation, we show that the variane rst rises algebraially up to a ritial time
tc, after whih it deays. To leading order in the eetive Plank's onstant ~eff , this deay is given
by the sum of a lassial term ≃ exp[−2λt], a quantum term ≃ 2~eff exp[−Γt] and a mixed term
≃ 2 exp[−(Γ + λ)t]. Compared to the behavior of the average delity, this allows for the extration
of the lassial Lyapunov exponent λ in a larger parameter range. Our results are onrmed by
numerial simulations.
PACS numbers: 74.40.+k, 05.45.Mt, 03.65.Yz
Flutuations of a physial quantity often ontain more
information than its average. For example, quantum sig-
natures of lassial haos are absent of the average den-
sity of states, but strongly aet spetral utuations [1℄.
In the searh for suh signatures, another approah has
been to investigate the sensitivity to an external pertur-
bation that is exhibited by the quantum dynamis [2℄.
Going bak to Ref. [3℄, the entral quantity in this ap-
proah is the Loshmidt Eho [4℄, the delity
M(t) = |〈ψ0| exp[iHt] exp[−iH0t]|ψ0〉|2 (1)
with whih an initial quantum state ψ0 is reonstruted
after the dynamis is time-reversed using a perturbed
Hamiltonian, H = H0 + ǫV (we set ~ ≡ 1). This ap-
proah proved very fruitful, however, most investigations
of M(t) (whih we will briey summarize below) onsid-
ered the properties of the average delity M(t), either
over dierent ψ0, or dierent elements of an ensemble of
unperturbed Hamiltonians H0 (having for instane the
same lassial Lyapunov exponent λ) and/or perturba-
tion V . Curiously enough, the variane σ2(M) of the
delity has been largely negleted so far. The purpose
of this artile is to ll this gap. We will see that the
variane σ2(M) has a muh riher behavior than M(t),
allowing for the extration of λ in a larger parameter
range, and exhibiting a nonmonotonous behavior with a
non-self-averaging maximal value σ(tc)/M(tc) ≃ 1.
We rst summarize what is known about the average
delityM(t) in quantum haoti systems. Three regimes
of perturbation strength are dierentiated by three en-
ergy sales [5℄: the energy bandwidth B ofH0, the golden
rule spreading Γ = 2πǫ2|〈φ(0)α |V |φ(0)β 〉|2/∆ of an eigen-
state φ
(0)
α of H0 over the eigenbasis {φα} of H , and
the level spaing ∆ = B~eff (~eff = ν
d/Ω is the ee-
tive Plank's onstant, given by the ratio of the wave-
length volume to the system's volume). These three
regimes are (i) the weak perturbation regime Γ < ∆,
with a typial Gaussian deay M(t) ≃ exp(−Σ2t2),
Σ2 ≡ ǫ2(〈ψ0|V 2|ψ0〉 − 〈ψ0|V |ψ0〉2), Σ2 ≃ Γ∆~−1eff [3, 6℄
(orretions to this Gaussian deay have been disussed
in Ref. [7℄), (ii) the semilassial golden rule regime
∆ < Γ < B, where the deay is exponential with a rate
set by the smallest of Γ and λ, M(t) ≃ exp[−min(Γ, λ)t]
[4, 5, 8℄, and (iii) the strong perturbation regime Γ > B
with another Gaussian deay M(t) ≃ exp(−B2t2) [5℄.
This lassiation is based on the sheme of Ref. [5℄
whih relates the behavior of M(t) to the loal spe-
tral density of eigenstates of H0 over the eigenbasis of
H [5, 9℄. Aordingly, regime (ii) orresponds to the
range of validity of Fermi's golden rule, where the lo-
al spetral density has a Lorentzian shape [5, 9, 10℄.
Quantum disordered systems with dirative impurities,
on the other hand, have been predited to exhibit golden
rule deay ∝ exp[−Γt] and Lyapunov deay ∝ exp[−λt]
in dierent time intervals for a single set of parameters
[12℄. It is also worth mentioning that regular systems
exhibit a very dierent behavior, where in the semilas-
sial regime (ii),M(t) deays as a power-law [13℄ (see also
Ref. [14℄). Finally, while in haoti systems the averaging
proedure has been found to be ergodi, i.e. onsidering
dierent states ψ0 is equivalent to onsidering dierent
realizations of H0 or V , the Lyapunov deay exists only
for spei hoies where ψ0 has a well dened lassial
meaning, like a oherent or a position state [4, 11, 15, 16℄.
Investigations beyond this qualitative piture have
foused on rossover regions between the regimes (i)
and (ii) [7℄ and deviations from the behavior (ii) ≃
exp[−min(Γ, λ)t] due to ation orrelations in weakly
haoti systems [17℄. Ref. [18℄ provides the only analyti-
al investigation of utuations ofM(t) to date. It shows
that, for lassially large perturbations, Γ ≫ B, M(t) is
dominated by very few exeptional events, so that a typ-
ial ψ0's delity is better desribed by exp[ln(M)], and
that M(t) does not utuate after the Ehrenfest time
tE = λ
−1| ln[~eff ]|. We will see that these onlusions do
not apply to the regime (ii) of present interest. While
some numerial data for the distribution of M(t) in the
weak perturbation regime (i) were presented in Ref. [19℄,
we fous here on haoti systems and investigate the be-
havior of σ2(M) in the semilassial regime (ii).
We rst follow a semilassial approah along the lines
of Ref. [4℄. We onsider an initial Gaussian wavepaket
ψ0(r
′
0) = (πν
2)−d/4 exp[ip0 · (r′0 − r0) − |r′0 − r0|2/2ν2],
2and approximate its time-evolution by
〈r| exp(−iH0t)|ψ0〉 =
∫
dr′0
∑
s
KH0s (r, r
′
0; t)ψ0(r
′
0),
KH0s (r, r
′
0; t) =
C
1/2
s
(2πi)d/2
exp[iSH0s (r, r
′
0; t)− iπµs/2].
The semilassial propagator is expressed as a sum over
lassial trajetories (labelled s) onneting r and r′0 in
the time t. For eah s, the partial propagator ontains
the ation integral SHs (r, r
′
0; t) along s, a Maslov index
µs, and the determinant Cs of the stability matrix [21℄.
We reall that this approah allows to alulate the time
evolution of smooth, loalized wavepakets up to alge-
braially long times ∝ O(~−aeff )≫ tE (with a > 0)[22℄.
The delity then reads,
M(t) =
∣∣∣∣∣
∫
dr1
∫
dr′0
∫
dr′′0 ψ0(r
′
0)ψ
∗
0(r
′′
0 ) (3)
×
∑
s1,s2
KH0s1 (r1, r
′
0; t) [K
H
s2 (r1, r
′′
0 ; t)]
∗
∣∣∣∣∣
2
We want to alulate M2(t). Squaring Eq. (3), we see
thatM2(t) is given by eight sums over lassial paths and
twelve spatial integrations. Noting that ψ0 is a narrow
Gaussian wavepaket, we rst linearize all eight ation
integrals around r0,
Ss(r, r
′
0; t) ≃ Ss(r, r0; t)− (r′0 − r0) · ps. (4)
We an then perform the Gaussian integrations over the
eight initial positions r
′
0, r
′′
0 and so forth. In this way
M2(t) is expressed as a sum over eight trajetories on-
neting r0 to four independent nal points rj over whih
one integrates,
M2(t) =
∫ 4∏
j=1
drj
8∑
si;i=1
exp[i(ΦH0 − ΦH − πM/2)]
×
(∏
i
C1/2si
(
ν2
π
)d/4
exp(−ν2δp2si/2)
)
, (5)
where we introdued M =
∑3
i=0(−1)i(µs2i+1 − µs2i+2)
and δpsi = psi − p0.
The expression of Eq. (5) is shematially desribed
in Fig. 1. Classial trajetories are represented by a full
line if they orrespond to H0 and a dashed line for H ,
with an arrow indiating the diretion of propagation. In
the semilassial limit Ss ≫ 1 (we reall that ations are
expressed in units of ~), Eq. (5) is dominated by terms
whih satisfy a stationary phase ondition, i.e. where the
variation of the dierene of the two ation phases
ΦH0 = SH0s1 (r1, r0; t)− SH0s3 (r0, r2; t)
+ SH0s5 (r4, r0; t)− SH0s7 (r0, r3; t), (6a)
ΦH = SHs2(r0, r1; t) − SHs4(r2, r0; t)
+ SHs6(r0, r4; t) − SHs8(r3, r0; t), (6b)
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Figure 1: Diagrammati representation of the squared delity
M2(t).
has to be minimized. These stationary phase terms are
easily identied from the diagrammati representation as
those where two lassial trajetories s and s′ of oppo-
site diretion of propagation are ontrated, i.e. s = s′,
up to a quantum resolution given by the wavelength ν
[23℄. This is represented in Fig. 2 by bringing two lines
together in parallel. Contrating either two dashed or
two full lines allows for an almost exat anellation of
the ations, hene an almost perturbation-independent
ontribution, up to a ontribution arising from the nite
resolution ν with whih the two paths overlap. How-
ever when a full line is ontrated with a dashed line,
the resulting ontribution still depends on the ation
δSs = −ǫ
∫
s V (q(t), t) aumulated by the perturbation
along the lassial path s, spatially parametrized as q(t).
Sine we are interested in the variane σ2(M) =M2−M2
(this is indiated by brakets in Fig. 2) we must subtrat
the terms ontained inM
2
orresponding to independent
ontrations in eah of the two subsets (s1, s2, s3, s4) and
(s5, s6, s7, s8). Consequently, all ontributions to σ
2(M)
require pairing of spatial oordinates, |ri − rj | ≤ ν, for
at least one pair of indies i, j = 1, 2, 3, 4.
With these onsiderations, the four dominant ontri-
butions to σ2(M) are depited on the right-hand side of
Fig. 2. The rst one orresponds to s1 = s2 ≃ s7 = s8
and s3 = s4 ≃ s5 = s6, whih requires r1 ≃ r3, r2 ≃ r4.
This gives a ontribution
σ21 =
(
ν2
π
)2d〈∫
dr1dr3
∑
C2s1 (7)
× exp[−2ν2δp2s1 + iδΦs1 ]Θ(ν − |r1 − r3|)
〉2
,
where δΦs1 = ǫ
∫ t
0 dt
′∇V [q(t′)][qs1 (t′) − qs7 (t′)] arises
from the linearization of V on s = s1,2 ≃ s′ = s7,8 [4, 11℄,
and qs1(t˜) lies on s1 with q(0) = r0 and q(t) = r1. In
Eq. (7) the integrations are restrited by |r1 − r3| ≤ ν
beause of the nite resolution with whih two paths
an be equated (this is also enfored by the presene
32 2
PSfrag replaements
r0
r0
r0 r0r0
r1
r2r2
r2
r3
r4r4
r4
r1≃r3r1≃r3 r1≃r3r1≃r3
r1≃r2
r1≃r4
r2≃r4
r2≃r4
σ2(M) α2e−2λt 2αe−λte−Γt 2~effe
−ΓtΘ(t− tE) ~
2
effΘ(t− tE)
Figure 2: Diagrammati representation of the averaged delity variane σ2(M) and the three time-dependent ontributions
that dominate semilassially, together with the ontribution giving the long-time saturation of σ2(M).
of δΦs as we will see momentarily). For long enough
times, t ≫ t∗, the phases δΦs utuate randomly and
exhibit no orrelation between dierent trajetories [20℄.
One thus applies the Central Limit Theorem (CLT)
〈exp[iδΦs]〉 = exp[−〈δΦ2s〉/2] ≃ exp[−ǫ2
∫
dt〈∇V (0) ·
∇V (t)〉|r1 − r3|2/2λ]. After performing a hange of inte-
gration variable
∫
dr
∑
sCs =
∫
dp and using the asymp-
toti expression Cs ≃ (m/t)d exp[−λt] [21℄, one gets
σ21 = α
2 exp[−2λt], (8a)
α =
(
λν2m2
ǫ2t2
∫
dτ〈∇V (0) · ∇V (τ)〉
)d/2
. (8b)
The seond dominant term is obtained from s1 = s2 ≃
s7 = s8, s3 = s4 and s5 = s6, with r1 ≃ r3, or equiv-
alently s1 = s2, s7 = s8 and s3 = s4 ≃ s5 = s6 with
r2 ≃ r4. Therefore this term omes with a multipliity
of two, and one obtains
σ22 = 2
(
ν2
π
)2d〈∫
dr1dr3
∑
C2s1
× exp[−2ν2δp2s1 + iδΦs1 ]Θ(ν − |r1 − r3|)
〉
×
〈∫
dr2
∑
Cs3 exp[−ν2δp2s3 + iδSs3 ]
〉2
, (9)
again with the restrition |r1 − r3| ≤ ν. To alulate the
rst braket on the right-hand side of Eq. (9), we rst
average the omplex exponential, assuming again that
enough time has elapsed so that ations are randomized.
The CLT gives 〈exp[iδSs3 ]〉 = exp(− 12 〈δS2s3〉) with
〈δS2s3〉 = ǫ2
∫ t
0
dt˜
∫ t
0
dt˜′〈V [q(t˜)]V [q(t˜′)]〉. (10)
Here q(t˜) lies on s3 with q(0) = r0 and q(t) = r2. In
hyperboli systems, orrelators typially deay exponen-
tially fast,
〈V [q(t˜)]V [q(t˜′)]〉 ∝ exp[−η|t− t′|], (11)
with an upper bound on η set by the smallest positive
Lyapunov exponent [24℄. One thus obtains 〈δS2s3〉 = Γt.
Usually Γ ∝ ǫ2 is identied with the golden rule spread-
ing of eigenstates of H over those of H0 [5, 7℄. It is dom-
inated by the short-time behavior of 〈V [q(t˜)]V [q(0)]〉.
We stress however that for long enough times, 〈δS2s3〉 ∝ t
still holds to leading order even with a power-law deay
of the orrelator 〈V [q(t˜)]V [q(t˜′)]〉 ∝ |t − t′|−η, provided
η is suiently large, η ≥ 1. We note that similar ex-
pressions as Eq. (10) relating the deay of M to time
integrations over the perturbation orrelator have been
derived in Refs. [6, 19℄ using a dierent approah than
the semilassial method of Ref. [4℄ used here. Further
using the sum rule
(ν2/π)d
(∫
dr
∑
Cs exp[−ν2δp2s]
)2
= 1, (12)
one nally obtains
σ22 = 2α exp[−λt] exp[−Γt]. (13)
The third and last dominant time-dependent term
arises from either s1 = s7, s2 = s8, s3 = s4, s5 = s6
and r1 ≃ r3, or s1 = s2, s3 = s5, s4 = s6, s7 = s8 and
r2 ≃ r4. It thus also has a multipliity of two and reads
σ23 = 2
(
ν2
π
)2d 〈∫
dr1dr2dr3dr4
∑
Cs1Cs2Cs3Cs5
× exp[−ν2(δp2s1 + δp2s2 + δp2s3 + δp2s5)]
× exp[i(δSs3 − δSs5)] Θ(ν − |r1 − r3|)
〉
. (14)
The integrations, again, have to be performed with |r1−
r3| ≤ ν. We inorporate this restrition in the alulation
by making the ergodiity assumption, setting
〈
∫
dr1dr2dr3dr4 . . .Θ(ν − |r1 − r3|)〉
= ~eff〈
∫
dr1dr2dr3dr4 . . .〉Θ(t− tE), (15)
whih is valid for times larger than the Ehrenfest time
[25℄ (for shorter times, t < tE , the third diagram on the
right-hand side of Fig. 2 goes into the seond one). One
then averages the phases using the CLT to get
σ23 = 2~eff exp[−Γt]Θ(t− tE). (16)
Subdominant terms are obtained by higher-order on-
trations (e.g. setting r2 ≃ r4 in the seond and third
graphs on the right hand-side of Fig.2). They either de-
ay faster, or are of higher order in ~eff , or both. We only
4disuss the term whih gives the long-time saturation at
the ergodi value σ2(M) ≃ ~2eff . For t > tE , there is
a phase-free (and hene time-independent) ontribution
with four dierent paths, resulting from the ontration
s1 = s7, s2 = s8, s3 = s5, s4 = s6, and r1 ≃ r3, r2 ≃ r4.
Its ontribution is skethed as the fourth diagram on the
right-hand side of Fig. 2. It gives
σ24 =
(
ν2
π
)2d 〈∫
dr1dr3
∑
Cs1Cs2 (17)
× exp[−ν2(δp2s1 + δp2s2)]Θ(ν − |r1 − r3|)
〉2
.
From the sum rule of Eq. (12), and again invoking
the long-time ergodiity of the semilassial dynamis,
Eq. (15), one obtains the long-time saturation of σ2(M),
σ24 = ~
2
effΘ(t− tE). (18)
Note that for t < tE , this ontribution does not exist by
itself and is inluded in σ21 , Eq. (8).
Aording to our semilassial approah, the delity
has a variane given to leading order by the sum of the
four terms of Eqs. (8), (13), (16) and (18)
σ2sc = α
2 exp[−2λt] + 2α exp[−(λ+ Γ)t] (19)
+2~eff exp[−Γt]Θ(t− tE) + ~2effΘ(t− tE).
Eq. (19) is the entral result of this paper. We see that
for short enough times, i.e. before ergodiity and the
saturation of M(t) ≃ ~eff and σ2(M) ≃ ~2eff is reahed,
the rst term on the right-hand side of (19) will dominate
as long as λ < Γ. For λ > Γ on the other hand, σ2(M)
exhibits a behavior ∝ exp[−(λ+ Γ)t] for t < tE , turning
into ∝ ~eff exp[−Γt] for t > tE . Thus, ontrary to M ,
σ2(M) allows to extrat the Lyapunov exponent from the
seond term on the right-hand side of Eq. (19) even when
λ > Γ. Also one sees that, unlike the strong perturbation
regime Γ ≫ B [18℄, M(t) ontinues to utuate above
the residual variane ≃ ~2eff up to a time ≃ Γ−1| ln ~eff |
in the semilassial regime B > Γ > ∆. For Γ ≪ λ,
Γ−1| ln ~eff | ≫ tE and M(t) utuates beyond tE .
The above semilassial approah breaks down at short
times for whih not enough phase is aumulated to mo-
tivate a stationary phase approximation [27℄. To get
the short-time behavior of σ2(M), we instead Taylor
expand the time-evolution exponentials exp[±iH(0)t] =
1 ± iH(0)t − H2(0)t2/2 + ... + O(H5(0)t5). The resulting
expression for σ2(M) ontains matrix elements suh as
〈ψ0|Ha(0)|ψ0〉, a = 1, 2, 3, 4, whih one then alulates
using a Random Matrix Theory (RMT) approah [26℄
for the haoti quantized Hamiltonian H(0) [5, 8, 19℄.
Keeping non-vanishing terms of lowest order in t, one
has a quarti onset σ2(M) ≃ (Σ4 − Σ22)t4 for t ≪ Σ−1,
with Σa ≡ [ǫ2(〈ψ0|V 2|ψ0〉 − 〈ψ0|V |ψ0〉2)]a/2. RMT gives
(Σ4 − Σ22) ∝ (ΓB)2, with a system-dependent prefator
of order one. From this and Eq. (19) one onludes that
-4 -2 0 2 4
(M - M)/σ
0.1
0.3
0.5
P(M)
Figure 3: Distribution P (M) of the delity omputed for 104
dierent ψ0 for N = 32768, δK = 5.75 · 10
−5
(i.e. Γ ≈ 0.09),
at times t = 25, 50, 75 and 100 kiks.
σ2(M) has a nonmonotonous behavior, i.e. it rst rises
at short times, until it deays after a time tc whih one
an evaluate by solving σ2sc(tc) = (ΓB)
2t4c . In the regime
B > Γ > λ one gets
tc =
( α0
ΓB
)1/2+d [
1− λ
( α0
ΓB
)1/2+d 1
2 + d
+O
(
λ2
{ α0
ΓB
}2/2+d)]
, (20)
and thus
σ2(tc) ≃ (ΓB)2
( α0
ΓB
)4/2+d [
1− 4λ
2 + d
( α0
ΓB
)1/2+d
+O
(
λ2
{ α0
ΓB
}2/2+d)]
. (21)
We expliitely took the t-dependene α(t) = α0t
−d
into
aount. We estimate that α0 ∝ (Γλ)−d/2 (obtained by
setting the Lyapunov time equal to few times the time
of ight through a orrelation length of the perturbation
potential, as is the ase for billiards or maps), to get
σ2(tc) ∝ (B/λ)2d/2+d ≫ 1. Beause 0 ≤ M(t) ≤ 1, this
value is however bounded by M
2
(tc). Sine in the other
regime Γ≪ λ, one has σ2(tc) ≃ 2~eff [1−(2~eff)1/4
√
Γ/B]
we predit that σ2(tc) grows during the rossover from
Γ≪ λ to Γ > λ, until it saturates at a non-self-averaging
value, σ(tc)/M(tc) ≈ 1, independently on ~eff and B,
with possibly a weak dependene on Γ and λ.
We onlude this analytial setion by mentioning that
applying the RMT approah to longer times reprodues
Eq. (19) with λ → ∞ [28℄. This reets the fat that
RMT is stritly reovered for tE = 0 only.
To illustrate our results, we present some numerial
data. We based our simulations on the kiked rotator
model with Hamiltonian [29℄
H0 =
pˆ2
2
+K0 cos xˆ
∑
n
δ(t− n). (22)
5We onentrate on the regime K > 7, for whih the
dynamis is fully haoti with a Lyapunov exponent
λ = ln[K/2]. We quantize this Hamiltonian on a torus,
whih requires to onsider disrete values pl = 2πl/N and
xl = 2πl/N , l = 1, ...N , hene ~eff = 1/N . The delity
(1) is omputed for disrete times t = n, as
M(n) = |〈ψ0| (U∗δK)n (U0)n |ψ0〉|2 (23)
using the unitary Floquet operators U0 =
exp[−ipˆ2/2~eff ] exp[−iK0 cos xˆ/~eff ] and UδK hav-
ing a perturbed Hamiltonian H with K = K0 + δK.
The quantization proedure results in a matrix form
of the Floquet operators, whose matrix elements in
x−representation are given by
(U0)l,l′ =
1√
N
exp[i
π(l − l′)2
N
] exp[−iNK0
2π
cos
2πl′
N
].
The loal spetral density of eigenstates of UδK over those
of U0 has a Lorentzian shape with a width Γ ∝ (δK/~eff)2
(there is a weak dependene of Γ in K0) in the range
B = 2π & Γ > ∆ = 2π/N). This is illustrated in the
inset to Fig. 6.
Numerially, the time-evolution of ψ0 in the delity,
Eq. (23), is alulated by reursive alls to a fast-Fourier
transform routine. Thanks to this algorithm, the matrix-
vetor multipliation U0,δKψ0 requires O(N lnN) oper-
ations instead of O(N2), and thus allows to deal with
very large system sizes. Our data to be presented below
orrespond to system sizes of up to N ≤ 262144 = 218
whih still allowed to ollet enough statistis for the al-
ulation of σ2(M).
We now present our numerial results. Fig. 3 shows
the distribution P (M) of M(t) in the regime Γ < λ for
dierent times. It is seen that even though P (M) is not
normally distributed, it is still well haraterized by its
variane. A alulation of σ2(M) is thus meaningful.
We next fous on σ2 in the golden rule regime with
Γ ≪ λ. Data are shown in Fig. 4. One sees that σ2(M)
rst rises up to a time tc, after whih it deays. The max-
imal value σ2(tc) in that regime inreases with inreasing
perturbation, i.e. inreasing Γ. Beyond tc, the deay of
σ2 is very well aptured by Eq. (16), one enough time
has elapsed. This is due to the inrease of σ2(tc) above
the self-averaging value ∝ ~eff as Γ inreases. One the
inuene of the peak disappears, the deay of σ2(M) is
very well aptured by σ23 given in Eq. (16), without any
adjustable free parameter. Finally, at large times, σ2(M)
saturates at the value given in Eq.(18).
As δK inreases, so does Γ and σ2(M) deays faster
and faster to its saturation value until Γ & λ. One
Γ starts to exeed λ, the deay saturates at exp(−2λt).
This is shown in Fig. 5, whih orroborates the Lya-
punov deay of σ2(M) predited by Eqs. (8). Note
that in Fig. 5, the deay exponent diers from the Lya-
punov exponent λ = ln[K/2] due to the fat that the
delity averages 〈Cs〉 ∝ 〈exp[−λt]〉 6= exp[−〈λ〉t] over
nite-time utuations of the Lyapunov exponent [18℄.
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Figure 4: Variane σ2(M) of the delity vs. t for weak
Γ ≪ λ, N = 16384 and 105 · δK = 5.9, 8.9 and 14.7 (thik
solid lines), N = 4096 and δK = 2.4 · 10−4 (dashed line)
and N = 65536 and δK = 1.48 · 10−5 (dotted-dashed line).
All data have K0 = 9.95. The thin solid lines indiate the
deays = 2~eff exp[−Γt], with Γ = 0.024(δK ·N)
2
(there is no
adjustable free parameter). The variane has been alulated
from 103 dierent initial states ψ0.
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Figure 5: Variane σ2(M) of the delity vs. t in the golden
rule regime with Γ & λ for N = 65536, K0 = 9.95 and
δK ∈ [3.9 · 10−5, 1.1 · 10−3] (open symbols), and N = 262144,
K0 = 9.95, δK = 5.9 · 10
−5
(full triangles). The solid line is
∝ exp[−2λ1t], with an exponent λ1 = 1.1, smaller than the
Lyapunov exponent λ = 1.6, beause the delity averages
〈exp[−λt]〉 (see text). The two dashed lines give ~2eff = N
−2
.
In all ases, the variane has been alulated from 103
dierent initial states ψ0.
At long times, σ2(M) saturates at the ergodi value
σ2(M, t → ∞) = ~2eff , as predited. Finally, it is seen
in both Figs. 4 and 5 that tc dereases as the perturba-
tion is ranked up. Moreover, there is no N -dependene
of σ2(tc) at xed Γ. These two fats are at least in qual-
itative, if not quantitative, agreement with Eq. (20).
The behavior of σ2(tc) as a funtion of Γ is nally
shown in Fig. 6. First we show in the inset the behavior
of the loal spetral density
ρ(ǫ) =
∑
α
|〈φ(0)β |φα〉|2δ(ǫ− ǫα + ǫβ), (24)
of eigenstates {φ(0)α } (with quasienergy eigenvalues ǫα)
of U0 over the eigenstates {φα} (with quasienergy eigen-
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Figure 6: Maximal variane σ2(tc) as a funtion of Γ/B,
for K0 = 10.45, N = 4096, 16384, 65536 and 262144 (empty
symbols) and K0 = 50.45, N = 16384 (full irles). The
variane has been alulated from 103 dierent initial states
ψ0. Inset: loal spetral density of states ρ(ǫ) of eigenstates
of an unperturbed kiked rotator with K0 = 12.56 over the
eigenstates of a perturbed kiked rotator with K = K0+ δK,
δK = 5 · 10−3. System sizes are N = 250 (diamonds),
N = 500 (irles) and N = 1000 (squares). The solid lines
are Lorentzian with widths Γ ≈ 0.0125, 0.05 and 0.0124 in
agreement with the formula Γ = 0.024 (δK ·N)2.
values ǫ
(0)
α ) of UδK . As mentioned above, ρ(ǫ) has a
Lorentzian shape with a width given by Γ ≈ 0.024(δK ·
N)2. Having extrated the N− and δK−dependene of
Γ, we next plot in the main part of Fig. 6 the maximum
σ2(tc) of the delity variane as a funtion of the resaled
width Γ/B of ρ(ǫ). As antiipated, σ2(tc) rst inreases
with Γ until it saturates at a value & 0.1, independently
on ~eff , Γ or λ, one Γ ≈ B. These data onrm Eq. (21)
and the aompanying reasoning. Note that one Γ ex-
eeds the bandwidth B, ρ(ǫ) is no longer Lorentzian, and
the deay of both M(t) and σ2(M) is no longer exponen-
tial [5℄.
In onlusion we have applied both a semilassial and
a RMT approah to alulate the variane σ2(M) of the
delity M(t) of Eq. (1). We found that σ2(M) exhibits a
nonmonotonous behavior with time, rst inreasing alge-
braially, before deaying exponentially at larger times.
The maximum value of σ2(M) is haraterized by a non-
self-averaging behavior when the perturbation beomes
sizable against the system's Lyapunov exponent.
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